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We investigate the interaction between breathers in sine-Gordon systems using a collective coordinate
approach. Focusing on the in-phase or out-of-phase oscillation mode of two identical breathers, we derive a
simple ordinary differential equation for the collective coordinate: the separation between the centers of mass
of the two breathers R. Analytic solutions of this equation can reproduce quantitatively the results of a direct
numerical simulation of the sine-Gordon equation over the whole parameter range. The interaction between the
two breathers is attractive �repulsive� for the in-phase �out-of-phase� oscillation mode with an asymptotic
exponential dependence on R. We find that the interaction within the innermost kink-antikink �kink-kink� pair
for the in-phase �out-of-phase� case plays the most significant role in determining the sign and the strength of
the effective breather-breather interaction. We also find an internal oscillation mode of the in-phase oscillating
breather pair and obtain an analytic expression for the angular frequency of the mode.
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I. INTRODUCTION

Elementary excitations play a crucial role with respect to
the nature of condensed matters. In integrable nonlinear sys-
tems, elementary excitations are nonlinear localized modes,
such as solitons and solitary waves. One such excitation, a
breather in a sine-Gordon �SG� system, is an oscillating soli-
tary wave, namely, a spatially localized oscillating mode,
which consists of a bound pair of topological solitons, a kink
and an antikink. Recently, a lot of attention has focused on
the roles played by the breathers in real materials, which are
well described by the SG equation. It has been found that the
breathers do exist and directly affect the electronic, optical,
and transport properties of various materials, such as Joseph-
son superconducting junctions �1,2�, charge density wave
systems �3�, 4-methyl-pyridine crystals �4�, conjugated poly-
mers �5�, and antiferromagnetic Heisenberg chains �6,7�.

Although no experimental evidence has been reported,
“many-breather effects,” such as the appearance of new col-
lective modes in coupled multibreather systems, can be ex-
pected when breathers become dense. Exact analytic solu-
tions for multiple breathers in the SG equation are obtained
by using a Bäcklund transformation since the SG equation is
an integrable equation. However, direct knowledge of the
breather-breather interaction would be more helpful in terms
of understanding the physical phenomena related to many-
breather effects in real materials since the presence of many
perturbations prevents us from applying the exact solutions
directly.

Direct numerical simulations of the SG equation can re-
produce the dynamical behavior of multibreather systems un-
der arbitrary perturbations. However, it is difficult to extract
the essential properties of multibreather dynamics from the
numerical results. Thus, some methods are needed to con-
struct a simple model that greatly reduces the information
involved in the system and provide core information for un-
derstanding the mechanisms of the breather dynamics. One
such method is the collective coordinate �CC� method, which
employs a set of parameters as CCs, such as center-of-mass

position or total momentum �8–12�. We can achieve a great
reduction from the originally infinite-dimensional problem to
a low dimensional system of ordinary differential equations
�ODEs� for the CCs. The CC approach enables us to obtain
analytic expressions for multibreather properties, which
would be useful for the interpretation of experimental data
and for the prediction of material properties.

The CC approach is especially effective for the quantiza-
tion of breathers since it maps the physics of a quantum field
onto the quantum mechanics of a single particle described by
the CCs. It has been proposed that a quantized breather in a
long Josephson junction can be utilized as a massive mobile
qubit that acts as a quantum data bus and transfers quantum
information from one node to another �13�. The breather-
breather interaction plays a crucial role in the coherent ma-
nipulation of quantum information by creating an entangle-
ment between breathers. In this paper, we investigate the
interaction between breathers in SG systems using CC ap-
proaches.

To date, there have been only a few reports concerning the
breather-breather interaction in an SG system. Pioneering
work was undertaken by Kevrekidis et al. They studied the
breather-breather interaction using both the exact breather-
lattice solution �14� and Manton’s approach �15,16�. They
focused on in-phase oscillation where the SG phase field for
the breathers is always symmetric around the center of the
pair, as shown in Fig. 1�a�, and showed that the breather-
breather interaction is attractive and exhibits asymptotic ex-
ponential dependence on the breather separation and power-
law dependence on the breather frequency. However, their
approaches have certain limitations. The breather-lattice ap-
proach �14� is inapplicable to the problem of the interaction
between out-of-phase oscillating breathers since there are no
known out-of-phase breather-lattice solutions. In addition,
Manton’s approach �15� cannot be directly applied in the
presence of spatially dependent potentials.

Our CC approach can deal equally well with the problems
of in-phase and out-of-phase breather pairs. This approach is
applicable to systems with spatially dependent potentials, al-
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though we deal only with homogeneous systems here. The
SG equation

�2�

�t2 −
�2�

�x2 + sin � = 0 �1�

has two kinds of soliton solutions, i.e., kink and antikink
solutions, which are expressed as

��x� = 4 arctan�exp�x��, kink, �2�

�̄�x� = 4 arctan�exp�− x��, antikink. �3�

Here, all quantities are properly nondimensionalized. It has
been shown that the kink soliton has excellent stability
against various perturbations and its dynamics are essentially
those of a classical particle �17�. There is another exact so-
lution of Eq. �1�, i.e., a breather solution, which describes the
internal oscillation of the bound kink-antikink pair and is
expressed as

�b�x,t� = 4 arctan� � cos��t�
� cosh��x�� , �4�

where � denotes the frequency of the breather internal oscil-
lation and � is determined from � by the relation �2+�2

=1. The breather solution �Eq. �4�� can be constructed by the
superposition of kink and antikink solutions given in Eqs. �2�
and �3�, namely,

�kp�x,t� = ����x − r�t�/2�� + �̄���x + r�t�/2�� − 2�

= ����x − r�t�/2�� − ����x + r�t�/2�� , �5�

where � is the parameter that determines the typical width of
a kink by 1 /� and r denotes the separation between the
centers of mass of the kink and the antikink. It has been
shown that Eq. �5� is coincident with Eq. �4� if r is assumed
to obey Matsuda’s identity �9,10�,

r�t� =
2

�
arcsinh��

�
cos��t�� . �6�

Thus, the breather can be regarded as a kind of composite
particle composed of a kink and an antikink. Therefore, it is
natural to use the separation r as the CC that describes the
breather internal oscillation. Indeed, this CC has been used in
several studies of the dynamics of a single breather under the
influence of static and dynamic perturbations �9–12�. Based

on this approach, we express a breather pair as a pair of two
kink-antikink pairs and introduce a set of CCs: the width of
the individual breathers, r, and the separation between the
centers of mass of the two breathers, R, as shown in Fig. 1.
Assuming that the SG phase field � is expressed by the
superposition of two kink-antikink-pair solutions in which
the width of each pair is r and the separation between the
pairs is R, we obtain a set of ODEs that describe the dynam-
ics of these CCs.

Caputo and Flytzanis �18� pointed out that some two col-
lective coordinate Ansätze introduce a mathematical singu-
larity. This singularity arises when the breather becomes flat.
Unfortunately, this also applies to our Ansatz, and the inertial
mass for R becomes zero when r=0, namely, the breathers
become flat. Fortunately, we can remove this singularity by
using an appropriate coordinate transformation around the
singularity �19� and can integrate the ODEs for the CCs ac-
curately enough to reproduce the results of a direct numerical
simulation of the SG equation.

The full set of our ODEs for the CCs contains overde-
tailed information, which is unnecessary for elucidating the
effective interaction between the breathers. We derive a
coarse-grained equation of motion by averaging in time as-
suming that the widths of the individual breathers are not
affected by the breather-breather interaction. We obtain an
analytic expression of the effective breather-breather interac-
tion and show that the out-of-phase �in-phase� breather pair
has a repulsive �attractive� interaction that exhibits an
asymptotic exponential dependence on the breather separa-
tion.

The paper is organized as follows. In Sec. II, the collec-
tive coordinate approach for a single breather is briefly re-
viewed. In Sec. III, we introduce a set of CCs for a breather
pair and derive a set of ODEs that describes the dynamics of
these CCs. In Sec. IV, we discuss how to remove the singular
points of our ODEs. In Sec. V, we derive a coarse-grained
equation of motion. We obtain analytic solutions for the time
dependence of R with various parameter values and compare
them with the results of direct numerical simulations of the
SG equation. Finally, Sec. VI discusses the results and pro-
vides a summary.

II. COLLECTIVE COORDINATES FOR SINGLE
BREATHER

In order to derive the Lagrangian for the CC r, we substi-
tute Eq. �5� into the Lagrangian of the SG phase field, which
is expressed as
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FIG. 1. Profile of phase fields for breather pairs of in-phase oscillation �a� and out-of-phase oscillation �b�. The phase field for the
in-phase �out-of-phase� pair is always symmetric �antisymmetric� around the center of the pair.
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L��� = K��� − V��� , �7�

K��� 	 

−�

� 1

2
� ��

�t
�2

dx , �8�

V��� 	 

−�

� �1

2
� ��

�x
�2

+ �1 − cos ���dx . �9�

The integration can be carried out by using the formulas �12�

f�y� 	 

−�

� 1

cosh�2�� + cosh y
d� =

y

sinh y
, �10�

g�y� 	 

−�

� 1

�cosh�2�� + cosh y�2d� = −
f��y�

sinh y

=
y coth y − 1

sinh2 y
, �11�

and the Lagrangian for r is derived as

Lkp�r, ṙ� 	 L��kp� = Kkp�r, ṙ� − Vkp�r� , �12�

Kkp�r, ṙ� 	 K��kp� = 1
2 Mkp�r�ṙ2, �13�

Mkp�r� 	 4��1 + f��r�� , �14�

Vkp�r� 	 V��kp� = 8��1 − f��r�� +
8

�
�1 − f��r� + 2�cosh��r�

− 1�g��r�� , �15�

where the dot denotes the differentiation with respect to t.
The equation of motion for r is derived from the Euler-
Lagrange equation,

d

dt

�Lkp

� ṙ
−

�Lkp

�r
= 0. �16�

It should be noted that Matsuda’s identity �6� obeys this
equation. Therefore, the solution of Eq. �16� with the as-
sumed form �Eq. �5�� indeed constructs the exact breather
solution �Eq. �4��. This formalism has been applied success-
fully to studies of the effect of external fields on breather
dynamics, e.g., the dissociation of a breather into a kink and
an antikink �10� or the behavior of temporal chaos �11� under
an alternating-current driver.

The r dependence of the inertial mass for the relative
motion between the kink and the antikink �Eq. �14�� makes it
difficult to analyze Eq. �16�. However, we see that the rel-
evant part of the mass is simply a reduced mass 4� derived
from the well-known mass of a single kink, 8�. The La-
grangian Lkp is expressed as the sum of two elements,

Lkp = Lkp
�1� + Lkp

�2�, �17�

Lkp
�1� = 2�ṙ2 − 8�� + �−1� +

16

�

1

1 + cosh��r�
, �18�

Lkp
�2� = f��r��Lkp

�1� + 16�� . �19�

The Euler-Lagrange equation reads

�1 + f��r��� d

dt

�Lkp
�1�

� ṙ
−

�Lkp
�1�

�r
� =

� f��r�
�r

�16� − Hkp
�1�� ,

�20�

Hkp
�1� = 2�ṙ2 + 8�� + �−1� −

16

�

1

1 + cosh��r�
, �21�

where Hkp
�1� is the Hamiltonian corresponding to Lkp

�1�. Since
Hkp

�1� has a value of 16� with the exact breather solution, the
right-hand side of Eq. �20� becomes zero, and the equation of
motion reduces to

d

dt

�Lkp
�1�

� ṙ
−

�Lkp
�1�

�r
= 0. �22�

This is simply the Euler-Lagrange equation for Lkp
�1�, namely,

the equation of motion for a particle of mass 4� in the po-
tential,

Vkp
�1��r� = −

16

�

1

1 + cosh��r�
. �23�

Thus, the motion of r is considered to be the motion of a
particle of mass 4�.

III. COLLECTIVE COORDINATES FOR A BREATHER
PAIR

A similar procedure is used to introduce CCs for the
breather pair. Figure 1 shows the profile of the SG phase
field � for the breather pair with in-phase �a� or out-of-phase
�b� oscillation. Since each breather consists of a kink-
antikink pair, we construct the phase of a breather pair with
four kink solutions as

�bp
� �x,t� = ����x +

R + r

2
�� − ����x +

R − r

2
��

� ����x −
R − r

2
�� 	 ����x −

R + r

2
�� ,

�24�

where the upper �lower� sign corresponds to the in-phase
�out-of-phase� oscillation mode. The CCs r and R denote the
width of each breather and the separation between the
breathers, respectively, as shown in Fig. 1. As with a kink-
antikink pair, we can derive the Lagrangian for a breather
pair by substituting Eq. �24� into the SG equation �Eq. �1��.
After some calculations, we have derived an analytic expres-
sion of the Lagrangian for r and R. The full results are sum-
marized in Appendix A. Here, we restrict ourselves to the
limit of a large separation, i.e., exp�−�R�
1, and show an
asymptotic form,

Lbp
� = L��bp

� � = 1
2 MR

�Ṙ2 + 1
2 Mr

�ṙ2 + MRr
� Ṙṙ − Vbp

� , �25�
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MR
� � 8��1 − f��r�� � 16�e−�R

� ��R cosh��r� − �r sinh��r� − �R� , �26�

Mr
� � 2Mkp�r� � 16�e−�R��R cosh��r� − �r sinh��r�

+ �R� , �27�

MRr
� � � 16�e−�R��r cosh��r� − �R sinh��r�� , �28�

Vbp
� � 2Vkp�r� �

32

�
e−�R�2�3 − cosh��r� −

4

1 + cosh��r�

+ �r

sinh
�r

2

cosh3�r

2
� + �2��R cosh��r�

− �r sinh��r� − �R�� , �29�

where MR
�, Mr

�, and MRr
� are the inertial masses and Vbp

� is
the potential energy for the collective coordinates, R and r.

IV. SINGULARITY

The inertial mass MR
� becomes zero when r=0, namely,

the breathers become flat. This causes a blowup in the sepa-
ration between breathers and introduces fatal errors into the
numerical integration processes. This singularity comes from
the fact that the separation between breathers is ill-defined
when the breathers are flat.

Caputo and Flytzanis �18� pointed out that this type of
singularity appears if the equations of motion for the CCs are
obtained through a projection on a vector that becomes zero
at one point in the evolution. However, Caputo et al. showed
that the singularity for the SG breather and the kink-antikink
solutions in �4 systems can be removed by proper coordinate
transformations �19�. We show that the singularity in our
problem can be removed by taking a similar approach to that
described in �19�.

Assuming �r
1, we expand the masses �Eqs. �26�–�28��
and the potential �Eq. �29�� with respect to r around r=0 up
to the second order. Omitting the terms containing e−�R, we

obtain the approximated Lagrangian L̃bp, which is expressed
as

L̃bp = 2
3�3r2Ṙ2 + 8�ṙ2 − 8

3 �3 + �2��r2. �30�

This can be rewritten by the coordinate �=�R /�12 as

L̃bp =
16�

2
�ṙ2 + r2�̇2� −

16�

2
�1 +

�2

3
�r2. �31�

This is a Lagrangian for a two-dimensional harmonic oscil-
lator in polar coordinates �r ,�� with an inertial mass 16� and

a restoring force coefficient 16��1+�2 /3�. If we
use Cartesian coordinates �x ,y�= �r cos � ,r sin ��
= �r cos��R /�12� ,r sin��R /�12��, we obtain

L̃bp =
16�

2
�ẋ2 + ẏ2� −

16�

2
�1 +

�2

3
��x2 + y2� , �32�

which has no singularity. By using Eq. �32� around the sin-
gular points, we can remove the singularity and continue the
numerical integration.

Figure 2 shows the time evolutions of R obtained by the
numerical integration of the Euler-Lagrange equation for Lbp
removing singular points �red circles� and by direct numeri-
cal simulations of SG equation �blue lines�. Here, to avoid a
complicated figure, we only select data where the phase field
amplitude is larger than 0.3. We adopt the Fourier pseu-
dospectral method with a symplectic integrator for the SG
simulation �20�. The time evolution of 32 768 Fourier modes
is calculated with the velocity Verlet integration scheme. The
system size and the time step used in the simulation are 256
and 1/256, respectively. The initial condition is obtained
from Eq. �24� with some arbitrary values of � and R �in Fig.
2, �=0.2 and R=15� and with r being set to the maximum of
Matsuda’s identity �Eq. �6��, namely, �2 /��arcsinh�� /��. In
the simulations, we estimated the positions of the breathers
from the peak positions of the phase profile by numerical
searching for the absolute value maxima, one each from the
left and right sides of the center of the breather pair, and then
calculated the separation R from these positions. From Fig. 2
we find that the two results are in good agreement and indi-
cate that the interaction between breathers oscillating out of
phase �in phase� with each other is repulsive �attractive�.

The discontinuous points in Fig. 2 correspond to the sin-
gular points mentioned above. This singularity is not an ar-
tifact introduced by the collective coordinate method since
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t
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FIG. 2. �Color online� Time evolution of the separation between
two breathers. The solid blue lines show the result of the numerical
simulation for the sine-Gordon equation. The red circles show the
results obtained by the numerical integration of the Euler-Lagrange
equation for the collective coordinates removing singular points.
Here, only data where the phase field amplitude is larger than 0.3
are selected.
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the same behavior also appears in the direct numerical simu-
lation of the SG equation. We can understand this singular
behavior in terms of relativistic Lorentz contraction. The SG
equation �Eq. �1�� obeys Einstein’s theory of special relativ-
ity. Therefore, the lengths of moving objects should be con-
tracted depending on their speeds. The center-of-mass speed
of a moving breather alters the speeds of the kink and the
antikink oscillating internally in the breather. This means that
the widths of the kink and the antikink become different and
the shape of the breather is distorted especially when the
amplitude of the breather oscillation is small.

Figure 3 shows profiles of the phase field at different
times when the amplitude of the breather is small. We can
see that the breather shape is distorted and that it has peaks
�red circles� and dips �blue triangles� simultaneously as
shown in Fig. 3. When the amplitude relationship between
the peak and dip changes, the position of the breather jumps
from peak to dip and vice versa. This is the origin of the
discontinuous points in the time evolution of R. In other
words, our collective coordinate approach can partly incor-
porate relativistic effects even though it has nonrelativistic
form.

V. EFFECTIVE INTERACTION

The Lagrangian of r and R �Eq. �25�� is still too compli-
cated to allow us to grasp the general property of a breather
pair. Numerical simulations show that the time evolution of r
is not greatly altered by the breather interaction from that of
the exact breather solution, i.e., Matsuda’s identity �Eq. �6��.
Therefore, assuming Matsuda’s identity for r, we average it
out in time to derive a simple coarse-grained equation of
motion for R, as explained in Appendix B.

The second and the fourth terms in Eq. �25� can be aver-
aged analytically and give the effective potential for R. The
third term becomes zero as a result of the time averaging due
to the symmetry. Although we can also average r out in the
first term and obtain an effective kinetic energy for R, the
solution of the Euler-Lagrange equation of R obtained from
the effective Lagrangian does not seem to be quantitatively
correct. Therefore, we assume that the relevant part of the
inertial mass of R comes simply from the reduced mass of

the two breathers in the same way as the discussion of Eq.
�22�, namely, 8�.

Finally, we obtain the effective Lagrangian,

Leff
� = 4�Ṙ2 − Veff

� , �33�

Veff
� = 	 64

�3

�2exp�− �R� , �34�

where the upper �lower� sign corresponds to the in-phase
�out-of-phase� oscillation mode and Veff

� denotes the effective
interaction between two breathers. Equation �34� clearly
shows that the interaction between two breathers is attractive
for the in-phase mode and repulsive for the out-of-phase
mode. The major part of Eq. �34� comes from the integration
of the product of two kink solutions, ����x+ �R
−r� /2������x− �R−r� /2��, for the out-of-phase mode and
the product of the kink and antikink solutions, �̄���x+ �R
−r� /2������x− �R−r� /2��, for the in-phase mode. This
means that the sign and the strength of the breather-breather
interaction are primarily determined by the interaction be-
tween the innermost two kinks �kink and antikink� in the
case of the out-of-phase �in-phase� oscillation mode.

The Euler-Lagrange equation derived from Leff
� can be

solved analytically. If the initial value of R is R0, the solu-
tions are given by

R = R0 +
2

�
ln�cosh�0t�� �35�

for the out-of-phase oscillation and

R = R0 +
2

�
ln�cos�0�t − nT/2��� ,

�2n − 1�T/4 � t � �2n + 1�T/4, n = 1,2,3, . . . �36�

for the in-phase oscillation, where

0 =
2�2

�
e−�R0/2, �37�

T =
2�


, �38�

 =
�

2 arccos�e−�R0/2�
0. �39�

Figure 4 shows the time evolution of R obtained by nu-
merical simulations of SG equation �solid red lines� together
with analytic solutions �Eqs. �35� and �36�� �dotted blue
lines� for various angular frequencies of the breather oscilla-
tion from �=0.1 to �=0.9 when the initial value of R is 15.
The upper graphs �a� and �b� show the results for the out-of-
phase modes and the lower graphs �c� and �d� show the re-
sults for the in-phase modes. Here, we only select data where
the phase field amplitude is larger than 0.3. Solutions �35�
and �36� are in good agreement with the results of the SG
simulations over entire parameter � range.

Solution �36� indicates that the in-phase oscillating
breathers form a new kind of bound pair with the internal

-π

0

π

-4 -2 0 2 4 6

φ

x

FIG. 3. �Color online� Profiles of the phase field of a single
moving breather at different times. Time evolves from top curve to
bottom curve. The red circles �blue triangles� that correspond to the
peak �dip� positions are shown as a guide for the eyes.
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oscillation mode whose angular frequency is given by Eq.
�39�. Figure 5 shows the results of an SG simulation for
long-term time evolution �red circles� together with the re-
sults of Eq. �36� �blue lines�. Here, we only select data where
the phase field amplitude is larger than 0.8 so that the oscil-
lating behavior can be clearly seen without being hidden by
the jumping behavior caused by the relativistic effect. This
figure clearly shows the existence of the expected internal
oscillation mode of the in-phase breather pair.

Figure 6 shows the angular frequencies calculated from
the results of SG simulations for various � values and three
different initial conditions, R0=10, 12, and 15. Equation �39�
accurately reproduces the numerical results.

VI. DISCUSSION AND SUMMARY

Now, we discuss our results in comparison with those
reported in �14,15�. Our effective interaction �Eq. �34�� has a
similar property to the result in �14�, namely, there is
asymptotic exponential dependence on the breather separa-
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FIG. 4. �Color online� Time evolution of the separation between two breathers. The red lines show the results of the numerical simulation
for the sine-Gordon equation. The dotted blue lines show the analytic solutions obtained by the collective coordinate method. Here, only data
where the phase field amplitude is larger than 0.3 are selected.
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FIG. 5. �Color online� Long-term time evolution of the separa-
tion between the breathers oscillating in phase. The red circles show
the results of numerical simulations of the sine-Gordon equation.
The solid blue line shows the analytic solution obtained by the
collective coordinate method. Here, only data where the phase field
amplitude is larger than 0.8 are selected.
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tion and power-law dependence on the breather frequency.
However, the previous results reveal unexpected behavior in
the breather-breather interaction V, which is defined by V
=E−ESB, where

E = �16� − 8m2 �3

�2 + 6m4 �5

�4�E�1 − m2� , �40�

ESB = 16� , �41�

with E�1−m2� being the complete elliptic integral of the sec-
ond kind. The interaction for the in-phase oscillating pair
changes from attractive to repulsive at the maximum point,
as shown by the red circles in Fig. 7.

There is an ambiguity in the determination of the
asymptotic form of the interaction in the treatment described
in �14�. The interaction between two breathers is determined
by subtracting the energy of a single breather �Eq. �41�� from
the energy of the breather lattice �Eq. �40��. However, a
single breather may possess additional energy that depends
on the period of the breather lattice. It is possible that the
additional energy produces no net force between two adja-
cent breathers, as noted at the end of Appendix B. Indeed, if
we replace ESB with

ĒSB = 16�E�1 − m2� , �42�

in Eq. �40�, the result of our collective coordinate approach
�Eq. �34�� �solid green line� is reproduced as shown by the
blue squares in Fig. 7.

The equation of motion for R derived from our effective
Lagrangian equation �Eq. �33�� is identical to Eq. �19� in �15�
except that the time dependence of the effective interaction is
averaged out in our equation. In Manton’s approach used in
�15�, the force exerted on one breather by its neighbor is
deduced from the time derivative of the momentum for an
interval containing the breather. Therefore, this approach is
justified only when the total momentum is a conserved quan-
tity. Although Manton’s approach is much simpler than ours
for obtaining the asymptotic interaction in a translationally
invariant system, our approach has greater applicability since
it can also be used in inhomogeneous systems.

In summary, we have investigated the interaction between
two breathers oscillating in or out of phase in an SG system
using a CC approach. We have derived a set of ordinary
differential equations for the CCs: the width of the individual
breathers r and the separation between the centers of mass of
the two breathers R. While the equations have singularity
owing to the vanishing of the effective mass at the moments
when the breathers become flat, we can remove the singular-
ity by an appropriate coordinate transformation around the
singular points and obtain the time dependence of R, which
agrees reasonably well with the results obtained by the direct
numerical simulation of the SG equation. Assuming that the
time dependence of r is not affected by the breather interac-
tion, we have derived a simple coarse-grained effective La-
grangian for R. The effective Lagrangian for R is simple
enough to be solved analytically and correct enough to be
used for a quantitative prediction of the long-term behavior.
The analytic solution of the Euler-Lagrange equation of this
effective Lagrangian provided us with an internal oscillation
mode of the in-phase oscillating breather pair and we ob-
tained an analytic expression for the angular frequency of
this mode. This mode might be confirmed in spectroscopic
experiments such as those found in �4,6,7�.
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APPENDIX A: DERIVATION OF LAGRANGIAN FOR
COLLECTIVE COORDINATES

In this section, we outline the derivation of the Lagrang-
ian for the CCs R and r without the approximation,
exp�−�R�
1.

The kinetic energy for R and r is derived by substituting
Eq. �24� into Eq. �8�. The time derivative of Eq. �24� reads

�

�t
�bp

� �x,t� = Ẋ1���y1� − Ẋ2���y2� 	 Ẋ2���y3� � Ẋ1���y4� ,

�A1�

where the prime denotes the differentiation with respect to
the arguments of the function, namely,

y1 = �x + X1, y2 = �x + X2, y3 = �x − X1,

y4 = �x − X2, �A2�

with X1=��R+r� /2, X2=��R−r� /2, and thus

���y� =
2

cosh y
. �A3�

Following the procedure described in �12�, the integration
in Eq. �8� can be carried out by using Eq. �10� and we obtain

K��bp
� � = MR

�Ṙ2 + Mr
�ṙ2 + MRr

� Ṙṙ , �A4�

MR
� = 8��1 − f��r�� � 4��f���R + r�� + f���R − r��

− 2f��R�� , �A5�

Mr
� = 8��1 + f��r�� � 4��f���R + r�� + f���R − r��

+ 2f��R�� , �A6�

MRr
� = � 4��f���R + r�� − f���R − r��� . �A7�

In the same way, the potential energy for R and r is de-
rived by substituting Eq. �24� into Eq. �9�. By using the
relations �12�,

sin ��y� = ���y� = −
2 sinh y

cosh2 y
, �A8�

cos ��y� =
���y�
���y�

= 1 −
2

cosh2 y
, �A9�

and the formulas �Eqs. �10� and �11��, we obtain

V��R,r� = 8�� + �−1��2 − 2f��r� � 2f��R� 	 f���R + r�� 	 f���R − r��� − 16�−1�1 − cosh��r���1 � cosh��R��

��2
cosh��r� 	 cosh��R�
cosh��r� � cosh��R�� g���r��

1 	 cosh��R�
−

g���R��
1 + cosh��r��

+
�1 	 cosh���R + r���g���R + r�� + �1 	 cosh���R − r���g���R − r��

�1 + cosh��r���1 	 cosh��R�� � . �A10�

APPENDIX B: TIME AVERAGING

Introducing new variables y=�r, �=�t, Matsuda’s iden-
tity �Eq. �6�� reads

y��� = 2 arcsinh��

�
cos �� �B1�

and the time average of a function of y, e.g., F�y�, is defined
by

�F�y�� =
1

2�



−�

�

F�y����d� . �B2�

Using relations

ẏ2 =
4�2 sin2 �

1 +
�2

�2cos2 �

= 4� 1

cosh2�y/2�
− �2� ,

cosh y = 2 cosh2�y/2� − 1, sinh y = 2 sinh�y/2�cosh�y/2� ,

the time average of the Lagrangian �Eq. �25�� can be written
by using the following quantities:

�cosh2�y/2�� =
1 + �2

2�2 , �B3�

�cosh−2�y/2�� = � , �B4�

�y sinh y� =
�2

�2 −
2

�2 ln � , �B5�

�y tanh�y/2�� = − 2 ln � , �B6�

�y
sinh�y/2�

cosh3�y/2�� = 2��1 − �� , �B7�

�f�y�� =
�

�
arcsin � . �B8�
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There are three remarks to be made as regard to the time-
averaging procedure. First, the time average of MR

� is esti-
mated as

�MR
�� = 8� − 8� arcsin � � 16�e−�R���R − 1�

�2

�2

+
2

�2 ln �� . �B9�

This estimate underestimates the effective inertial mass for R
when �R
1 since the R acceleration obtained from this es-
timation is larger than that obtained from the numerical
simulation of the SG equation. Therefore, we adopt the re-
duced mass of the two breathers, 8�, as the effective inertial
mass for R as noted in Sec. V. Some part of Eq. �25� would
be irrelevant such as Lkp

�2� in the Lagrangian for the kink-
antikink pair �Eq. �17��.

Second, the time average of the third term of Eq. �25� is
zero since y���=y�−��=−y�0� and MRr

� are odd functions
with respect to y,

�MRr
� �y,R�ẏ�Ṙ/� = Ṙ

�

2���
y�−��

y�0�

MRr
� �y,R�dy

+ 

y�0�

y���

MRr
� �y,R�dy�

= Ṙ
�

���
−y�0�

y�0�

�MRr
� �y,R�

+ MRr
� �− y,R��dy� = 0. �B10�

Finally, there are some cancellations between the second
and the fourth terms of Eq. �25�, which give the effective
potential for R. This means that the R dependence of the
kinetic energy for r does not necessarily produce potential
energy for R. In other words, some part of the total energy is
irrelevant to the interaction between the two breathers. The
irrelevant part, such as Eq. �42�, should be subtracted when
the breather-breather interaction potential is estimated. This
is performed automatically during the time averaging.
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